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CHRISTOPH WALKER 

Abstract. The paper focuses on positive solutions to a coupled system of parabolic equations with nonlocal 
initial conditions. Such equations arise as steady-state equations in an age-structured predator-prey model with 
diffusion. By using global bifurcation techniques, we describe the structure of the set of positive solutions with 
respect to two parameters measuring the intensities of the fertility of the species. In particular, we establish 
co-existence steady-states, i.e. solutions which are nonnegative and nontrivial in both components. 



1. Introduction 

This paper is dedicated to solutions u — u{a, x) > and v — v{a, x) > to the system of parabolic 
equations 

daU — Adu = ~(aiu + a2v)u , aG(0, Om), xGfl, (1-1) 
daV - Adv = -{l3iv ~ I32u)v , ae(0,a„i), a; 6 , (1.2) 

subject to the nonlocal initial conditions 



u{0,x) — rj / bi{a) u{a, x) da , a; £ i7 , (1-3) 
Jo 

v{0,x)=^[ b2ia)v{a,x)da , xeQ. (1.4) 



^0 

The operator — A/j in ( II. 11 1. (I1.2l i stands for the negative Laplacian on ft with subscript D indicating that 
Dirichlet conditions are imposed on the boundary dfl. Note that, due to the nonlocal character of the initial 
conditions, equations ( |l.lt -( |1.4t do not pose a proper evolution problem. 

System ( |l.l| )-( fl~4l i arises when studying stationary (i.e. time-independent) solutions to a particular 
predator-prey system with age structure of the form 

dtu + daU — diAxU = —{aiu + a2v)u , i > , a e (0, am) , x G , (1-5) 
dtv + daV - d2AxV ^ -{Piv - I32u)v , t>0, ae(0,am), x G 17 , (1.6) 

for u — u{t, a,x) > and v = v{t, a,x) > subject to the constraints 



u(t,0,x) — / rjbi^a) u(t, a, x) da , t>0, x ^ fl , (1-7) 
Jo 

v{t,0,x)^ / ^b2{a)v{t,a,x)da , t>0, x e fl , (1.8) 







and Dirichlet boundary conditions. It models the situation where a prey and a predator with population den- 
sities u and V, respectively, inhabit the same spatial region and both species are assumed to be structured 
by age a e (0, and spatial position x G fi. Here, a,„ > denotes the maximal age of the species. The 
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constants di,d2 > give the rate at which the species diffuse. For notational simphcity they are taken to 
be di = ^2 = 1 in dl.ll ). (11.2b . The mortahty rates in dl.ll ). ( 11.2b and ( 11.51 ). ( 11.61 ) are given by 

^i{u,v) := aiu + a2t^ , /i2(u,w) /^li' - /32W 

with positive constants ai,a2,Pi, and /32. Equations ( 11.71 ). dl.Sb represent the age-boundary conditions and 
reflect that individuals with age zero are those created when a mother individual of any age a € (0, am) 
gives birth with rates rjbi (a) and ^62(0), respectively. The functions bj = bj (a) > describe the profiles of 
the fertility rates while the parameters 77, ^ > measure their intensity without affecting the structure of the 
birth rates. We refer to |25| for a recent survey on the formidable literature about age-structured population 
models. Of course, ( |1.5b - (ll.8b represents just a simple age-structured predator-prey model with diffusion 
and other, in certain regards, biologically maybe more accurate models (e.g. with other mortality and birth 
rates or different maximal ages for prey and predator) exist as well. The main goal of the present paper is 
to provide a framework in which problems of this kind including nonlocal initial conditions can be treated. 

Of particular interest when studying (ll.lb -( fL4] i are coexistence solutions, i.e. solutions {u, v) with both 
components nonnegative and nonzero. 

Variants of the elliptic counterpart of equations (ll.lb -( ll.4b being revealed when age-structure is ne- 
glected and also related elliptic systems for, e.g., competing or cooperative species, have attracted con- 
siderable interest in literature both in the past f3]|4l|5l[8][T0l[n][l5][2T]^ and, more recently, E [El 
[l6][T2l[T8][T9l, though both lists are far from being complete. Methods used in the cited literature include 
sub-/supersolution methods and bifurcation techniques for different parameters in order to establish positive 
solutions for the elliptic equations. 

The parabolic problem ( 1 1.1 1 ) -( [L?] ) has recently been investigated in ||24l for slightly different mortality 
rates of Holling-Tanner type ( |1.9b and particular birth profiles bj of negative exponential type. To prove 
coexistence solutions, a bifurcation approach has been chosen with respect to the parameters 77 and ^. The 
assumption in [24] that there is no maximal age, i.e. a™ = cxo, allows one to recover the elliptic system 
by integrating the parabolic equations with respect to age. In the present paper with a™ < 00, however, 
this approach is no longer possible and the analysis becomes more involved. But considering a„i < 00 
will allow us herein to take advantage of compact embeddings of the underlying function spaces when in- 
terpreting solutions of ( ll.lb - (ll.4b as the zeros of some function. It thus provides a setting, where we can 
apply global bifurcation techniques with respect to the bifurcation parameters 77 and This is in contrast 
to |,24J. where merely local bifurcation results have been obtained. We shall give a partial, but nevertheless 
rather complete description of the bifurcation diagrams with respect to these parameters. Our results are 
inspired by those of [3, 4] for the correspondig elliptic system without age structure, and our method is 
based on the celebrated global alternative of Rabinowitz UTl l20l as well as on the local bifurcation results 
of CrandaU-Rabinowitz ll9l[T7l. 

As pointed out above, the mortality rates considered in p] !24l (see also 16)) are of Holling-Tanner type, 
that is, roughly of the form 

V u 

Hi{u,v) := aiu + a2— , ^i2{u,v) -.^ PiV - l32— . (1.9) 

1 + mu 1 + mu 

All of the present results can be deduced for these nonlinearities as well with only minor modifications. 
We shall also mention that the birth profiles bi and 62 depend on age only. In principle, a spatial dependence 
could be included as well, but would require some additional effort. In the present paper we investigate 
positive solutions to ( |l.l| )-( fT~4l ) in dependence of the fertility intensities 77 and ^. However, one might study 
bifurcation of equilibrium solutions with respect to other parameters as well, like ai and /3i for instance. 
For the case of a single equation we refer to the techniques developed in ||23l , which may provide a template 
also for system ( ll.lb -( ll.4l ). 
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2. Main Results 

To set the stage, let J := [0, am] and let C M" be a bounded and smooth domain. Throughout this 
paper we assume ai , 012, /3i , /32 > and that, for j = 1,2, 

bj e L'^{J) , bj{a) > for a near am (2.1) 

are normalized such that 

6j(a)e-^i"da = 1 , (2.2) 



where Ai > denotes the principal eigenvalue of —Ad on fl. For technical reasons we introduce the 
solution space 

:= L,{j, wl^m) n W^{J, L,in)) 

with q sufficiently large, e.g. q > n + 2, but point out that all our solutions will actually be smooth with 
respect to both variables a and x. The space j-, stands for the Sobolev space of order 2 involving the 
Dirichlet boundary conditions, and we write W+ for the nonnegative functions in Wq. 

Clearly, for any choice of 77 and f , u = solves dl.lt subject to ( 11. 3t and f = solves ( 11.21 ) subject 
to ( 11.4b . Moreover, taking w = in (II. lb we obtain positive solutions for dl.lb subject to ( 11.31) when 
regarding ij as parameter (and, of course, similarly for (11.21) with u = subject to ( 11.41) when regarding ^ 
as parameter): 

Theorem 2.1. For each rj > 1 there is a unique solution u,, G \ {0} to 

daU ~ Ajju — —aiu^ , u{0,-) — ?] / bi{a) u{a, ■) da . (2.3) 



The mapping {rj h-5. u^) belongs to C°°((l, 00), Wg) and Hu^Hw, 00 as t] ^ 00. If 7] < 1, then ( 12.31) 
has no solution in \ {0}. 

To study the solutions of (ll.lb -( ll.4b we first keep ry fixed and regard ^ as bifurcation parameter. We thus 
write u, v) for a solution and suppress ij. Then Theorem l2. 1 [ provides, in addition to the trivial branch of 
zero solutions 

So := {(e, 0, 0) ; C e M} C M X W+ X W+ , 

a semi-trivial branch 

*Bi {(f, 0, v^);^e (1, ^)} C R+ x W+ x (W+ \ {0}) , 

where v^) is the solution to (11. 2b with u = Q subject to (11. 4b . If r/ > 1, there is another semi-trivial 
branch 

»2 {(^, u^, 0) ; e e K} C M X (W+ \ {0}) x W+ 
from which a branch of positive coexistence solutions bifurcates. More precisely, we have: 

Theorem 2.2. For t] < 1 there is no solution {^,u,v) e M+ x (W+ \ {0}) x W+ to (OJ-drill. For 
rj > 1 there is a unique value ^o{ri) > such that (^0 (^/) j i 0) G S2 is a bifurcation point. A branch 
*83 C M+ X (W+ \ {0}) X (W+ \ {0}) of solutions to (frTb-(fL4]i emanates from (Co(?/), w^, 0) satisfying 
the alternatives 

(i) S3 joins 5S2 with *8i, or 

(ii) S3 w unbounded in R+ x (W+ \ {0}) x (W+ \ {0}). 
Bifurcation is to the right, i.e., ^ > ^o{r/)for any u, v) G S3. If, in addition, 

&2 eii(J,(l-e-^")"'da) (2.4) 

for some s > 0, then (ii) can only occur if ^3 is unbounded with respect to the parameter ^, and there is 
iV G (1, 00] such that (i) must occur for 1 < rj < N. 
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The values of N and of ^o(??) as well as the value (77) of ^ associated to the point where QSa meets Si 
if alternative (i) occurs are related to the spectral radii of some compact operators and will be determined 
precisely (see ( 14. 11 1. ( 14.121 1. and Lemma |477] |. It is worthwhile to point out that in either case of the alter- 
natives we obtain coexistence solutions; that is, solutions u, v) with both components nonzero, i.e. u, v 
belonging to W+ \ {0}. For those values of ry for which alternative (ii) occurs there are coexistence solu- 
tions for any ^ > ^0 iv) while for those 77-values leading to occurrence of alternative (i) there are coexistence 
solutions for^o(?7) < ^ < S.i{v)- 

Actually, we conjecture that under the additional assumption ( 12. 4t . we can take N = (x and thus *B3 
must join S2 with *8i for each 77 > 1. We refer to Remark l4~8] for further details. 

Next, we regard rj as bifurcation parameter and keep ^ fixed. We thus write {rj, u, v) for a solution to 
(|l.l| l-( fl~4] i and suppress ^. Suppose first that ^ > 1. Then Theorem |2. ll provides two semi -trivial branches 

©1 := {(77, u^, 0) ; 77 > 1} , ©2 := {(77, 0, t;^) ; 77 e R} 

with &j C M X W+ X W+. Similarly as in Theorem 12.21 a branch of positive coexistence solutions 
bifurcates from 62. In this case, however, the branch must be unbounded: 

Theorem 2.3. For ^ > 1 there is a unique value 77o(0 > 1 such that (770(C), 0, 7;^) e ©2 is a bifurcation 
point. An unbounded branch ©3 C IR+ x (W+ \ {0}) x (W+ \ {0}) of solutions to (ll.lb -( ll.4l ) emanates 
from (770(C), 0, uj). This bifurcation is to the right, that is, rj > rjQ^^) for any (77, u, v) G ©3. If, in addition, 
62 satisfies i2.4\ for some s > 0, then 63 is unbounded with respect to the parameter rj. 

Note that ©3 consists exclusively of coexistence solutions. If &2 satisfies ( I2.4l i. then there is a coexistence 
solution for any ^ > 1 and any 77 > 770(C)- The exact value of 770(C) will be specified later in ( 15.21 ). 

The case C < 1 is more difficult, and we obtain merely a partial result. In fact, for values of C < 1 
near 1 we can show that a local branch of positive solutions bifurcates from ©1. Observe that ©1 is the 
only semi-trivial branch in this case. 

Theorem 2.4. There is S G [0, 1) with the property that for C G (5, 1) there are a unique value ?7i(C) > 1 
and £ > such that a local branch 

©4 := v) ; 771(C) < 77 < 7,1(0 + £} C M+ x (W+ \ {0}) x (W+ \ {0}) 

of positive solutions to (ll.lb -( ll.4l ) bifurcates to the right from (771 (C), Uf^^ (j) , 0) G ©1. 

Again, ©4 consists exclusively of coexistence solutions. The precise values of 6 and 771 (C) > 1 will be 
given in i5.4i and ( 15.51 1, respectively. Referring to Remark |5T2l we conjecture that one can take (5 = in the 
statement. 

The outline of the remainder of this paper is as follows: In Section|3]we first provide some auxiliary re- 
sults including a comparison type lemma that are helpful for the study of semi-trivial solutions. The second 
part of Section [3] includes the proof of Theorem 12. II Section |4] is dedicated to the proof of Theorem 12. 21 
where C is regarded as bifurcation parameter. The proofs of Theorems 12.31 and 12.41 about the bifurcation 
results with respect to the parameter 77 are given in Section |5] 

3. Semi-Trivial Solutions: Proof of Theorem |2.1| 

3.1. Notations. Given Banach spaces E and F we denote the set of bounded linear operators from E 
into F by C{E,F). We set C{E) :— C{E,E), and we write IC{E) for the subspace of compact linear 
operators thereof. If T G JC-{E) we let r(T) denote its spectral radius. Suppose now that E is ordered 
by a convex cone £'+. We write (j) > ii (j) G £'+ and > if (/> G E^ but </> ^ 0. A positive 
operator T G C+{E) is an element T of C{E) such that T{E+) C E+, and we express this by T > 0. 
Then 1C+{E) := i^+{E) fl 1C{E). Assume then further that the interior int(£'+) of £'+ is non-empty. The 



POSITIVE SOLUTIONS OF A REACTION-DIFFUSION EQUATIONS WITH NONLOCAL INITIAL CONDITIONS 



5 



following equivalence turns out to be very useful in many circumstances: A point (j) G is a quasi-interior 
point (i.e. (0', </>) > for all cj)' in the dual E' of E with 0' > and cj)' ^ 0) if and only if G int(£'+). 
We call T G C+{E) strongly positive provided Tcj) G int(£'+) for (j) € E+ \ {0}. Recall that the Krein- 
Rutman theorem ensures (since int(i?+) ^ 0) that the spectral radius r(T) of a strongly positive compact 
operator T G K.{E) is positive and a simple eigenvalue with positive eigenvector and a strictly positive 
eigenfunctional. Moreover, r{T) > is the only eigenvalue of T with a positive eigenvector. We refer to, 
e.g., [7, App.A.2] and [13^ Sect.l2] for these facts. 

Recall that f2 is a bounded and smooth domain of R". We fix g G (n + 2, oo) and set, for n > \/q, 

K.D ■■= Wq^^oi^) := {u G W^^; u^OondQ}, 
where := W^{^1) stand for the usual Sobolev-Slobodeckii spaces and values on the boundary are 

interpreted in the sense of traces. Then W"^ J'^'' ^ C^(f2) by the Sobolev embedding theorem, hence the 
interior of the positive cone 

is non-empty. Here, L+ :— ij(il) is the positive cone of Lq :— Lq(Jl) consisting of functions which are 
nonnegative a.e. Let J := [0, a„i]. We put 

L, := Lq{J, Lq) , Wq 1= Lq{J, W^^^) H {J, Lq) , 

and recall that 

^ c{ j, w^-J^') ^ c{ j, c^n)) (3.1) 

according to lH] III.Thm.4.10.2]. Since C W^{J,Lq) ^ C^''^/'i{J,Lq), the interpolation inequality 
in lH] I.Thm.2.11.1] yields in fact 

^q'^ C^-^/''-^{J,Wl%) , <\-l/q. (3.2) 

By (13.11 ). the trace 70U := u(0) defines an operator 70 G C{Wq, j^^''). We then say that an operator 
A G C(W^ ]j, Lq) has maximal Lq-regularity (on J) provided that 

[da + A, 70) G £(W„ L, X W^-^^/") 

is a toplinear isomorphism. For the positive cone of we write L+ := L'^( J, Lq) (i.e. those functions 
u e hq for which u{a) belongs to L+ for a.a. a G J). We put W+ Wq D L+{R+,Lq) and use the 
notation W+ := W+ \ {0}. Note that u G W+ impUes u{a) > on f2 for a G J due to dTTl i. 

Let ipi denote the strongly positive eigenfunction to the principal eigenvalue Ai > of —Ad with 

ll'/'llloo = 1- 



3.2. Preliminaries. If £i > and /i G C^{J, C{n)), then clearly -Ad + h e Ce{J, C{Wljj,Lq)) and 
for a G J fixed, — /i(a) is the generator of an analytic semigroup on Lq with domain ^ . Hence, |[T1 
n.Cor.4.4.1] ensures the existence of a parabolic evolution operator 

Il[h]{a,a) , 0<a<a<a,n, 

associated with — + h. That is, given <j) G Lq, w :— Hj/j] (•, (t)0 is the unique strong solution to 

daW — Auw + h{a)w = , a G (cr, , w{a, ■)=(/). 

As Ad — h(a) is resolvent positive for each a G J, [1 , II. Sect. 6] and ifTsl Cor.13.6] entail in fact that 
Il[fi] (a, G C^W^^^"^) is strongly positive for < cr < a < a„i- 
In the following we put 

H[h]-= bi{a)ll[h]ia,0)da , H[h] := 62(0) XI^,,] (a, 0) da . 
Jo Jo 
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Consequently, ( I3.2t warrants that we may write any solution (u, v) G x Wg to (|l.lt -( |1.4l i equivalently 
in the form 

u{a) = U[a^^+a^^]{a,0)u{0) , aeJ, u{0) = V H[a,u+a2v] ^{0) , (3.3) 

u(a) = n[^^i,_^3„](a,0)i;(0) , aeJ, w(0) = C -ff[/3it,-fe«] i'(O) • (3.4) 

In particular observe that u, v are nonzero and nonnegative provided that u{0), v{0) are nonzero and non- 
negative. The following information about the spectral radii of the operators H^^ and H^^ will be of great 
importance: 

Lemma 3.1. For h e C^{J,C{Cl)) with g > 0, the operator H^^-^ G K.{W'^~j^^'^) is strongly positive. 
In particular, the spectral radius r{H[}i]) > is a simple eigenvalue with an eigenvector _B[/j] belonging 
to int(W^^'^'''''^) and a strictly positive eigenfunctional B'^f^-^ G (W^g ^f^')'- the only eigenvalue 

of H[ii] with a positive eigenfunction. Moreover, if h,g G C^{J, C'(fl)) with g > h but g ^ h, then 
r{H[g]) < r(iJ[/j]). The same statements hold far H. 

Proof. As {a, a) is strongly positive for < a < a < we obtain from standard regularizing effects 

ofn^h] and the compact embedding VK^*^ W^^^^'^,2k > 2 - 2/9, that G /C(W^^;o^/'^) is strongly 
positive (see |23 Lem.2.1]). Due to the Krein-Rutman theorem (e.g. [13. Thm.12.3]) it then remains to 
prove that r{H[^) is decreasing in h. 

Let h, g G ( J, C(f7)) with g > hhut g ^ h. Fix cj) e W^'^^'^''^ \ {0} and set 
z{a) :^ll[h]{a,0)(j) , w(a) := Ilfg] (a, 0)(/) , aGJ. 

Let u := z — w. Then 

daU — Adu + h{a)u = {g{a) — h(a))w{a) , m(0) = , 

so 

u{a) = [ U[h] {a, a) {{g{a) - h{a))w{a)) da > , aeJ. (3.5) 
Jo 

The strong positivity of Iljg] (cr, 0) ensures w{a) G int{W^ j^^"^'^) for a G (0, a,,,]. Since g ^ h, there is 
some (To G J such that 

^[h] {a, cr) ((5(0-) - e ^'nt{Wg^^'^'^) , a G (cr, a^] , a near ctq . 

This together with (12.1b and (13.5b readily imply 

(%] - = b,ia)uia) da G int(W^;^^/'''+) , G ^^'/^'^ \ {0} . 

Jo 

Letting (•, •) denote the duality pairing in j^^"^, we thus deduce 

riH[h]){B[^,B[g]) = {B[^],H[^B[g]) > {B[f^], H[g]B[g]) = r{H[g]){B[^,B[g]) . 
Therefore, r(i/[g]) < r(i?[,,]). □ 

The next lemma provides a comparison principle which turns out to be a key tool to handle the nonlocal 
initial conditions ( 11.3b . (11.4b . To shorten notation we set for the remainder of this section 

U .— I 61(a) u(a) da , V := bi{a)v{a)da, 
Jo Jo 

for M, u G Wq and we use this definition of capital letters also for other elements of Wg. 
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Lemma 3.2. Let rj > 1 and f £ L+. Suppose u,v Cz satisfy either 

daU — Adu — —aiu^ + f , u(0) > rjU , daV — A^iu = —aiv^ , v{0) = rjV , 

or 

daU — /S.DU = —aiu^ , u{0) = rjU , daV — Adv = —aiv^ — / , v{Q) < rjV . 
Then u > v. 

Proof. Note that for z :— u — v we have 

daz - Adz + ai{u + v)z = f >0 , z{0) > ijZ , 

with u + V E Wq . Thus 

z{a) >n[ai{u+v)]{a,0) z{0) , aeJ, (3.6) 
and ^ 

z(0) > i]Z>ij / 6i(a)n[„^(„+„)](a,0)daz(0) = vH[a,{u+v)] , 
Jo 

that is, 

(l-77i/[„,(„+,)])z(0) > 0. (3.7) 
Suppose that the first ahernative of the statement holds. Then 

v{a) = n[„^,„] (a, 0) v{0) , ae J , v{Q) = i]V = -qH^^^^^ v{Q) , 

hence i;(0) e int(W^^^^'''^) since v £ W+. By Lemma [TTl this implies r]r{H[a^y]) = 1. Also, due to 
LemmaEUand u e W+, 

whence 1 > r]r{H[ai(u+v)]) so that (l — riH[ai(u+v)]) ^ > (e.g. see |[l3l Eq.(12.8)]). RecalUng ( 13.71 ). it 
follows z(0) > and then z{a) = u{a) — v(a) > for a E J owing to ( 13.61 1. If the second alternative of 
the statement holds, we conclude analogously. □ 

We now focus on problems of the form 

daU - Adu = -aiv^ , u{0,-)^T]U. (3.8) 
Observe that the comparison principle of Lemma [l!2l warrants uniqueness of solutions: 



Corollary 3.3. For rj > 1 there is at most one solution u = u,, G to ( 13.81 1. If Ujj-^ , Ujj^ G are 
solutions to i3.8\ with rji > 772, then Urj-^ > u^i^ with u^-^ ^ u^j. 

The next proposition provides a global branch of positive solutions to ( I2.3l l and is the basis for Theo- 
rem |2ll] 



Proposition 3.4. Problem ( 13.81 ) admits an unbounded connected set of solutions 

Z^:={(77,u^); 7yG/}c (1,00) xW+ 

emanating from (1, 0), where I is an interval in (1, 00) with left endpoint 1. There is no solution {rj, u^) in 
M+ X W+ to (O ifrj < 1. 

Proof Let A{u) := -Ad + aiu and A*(u) := A(u) - A(0) = aiu. Given f e [0, 1) and r e [0, 1 ~ ly), 
it follows from |2, Thm.Ll] that Wq '-^ W^iJ, W^'^), where stands for a compact embedding. Fix 
cr, i/, 7, and s such that 1/q < a < 1 — f < 1 and 0<s<l — 7< n/2q. Then, by Sobolev's embedding 
theorem, 

W, ^ W^{J, ^ Loo(J, , W, ^ W^iJ, W^27) ^ 2.,(J, Cin)) , (3.9) 
from which we easily deduce that 
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Observe that A(0) = — has maximal L^-regularity and that assumption (12 .21 1 implies H^Q^ipi — ipi 
so that r(iJ[o]) = 1 by Lemma ITTI We are therefore in a position to apply ll22l Prop.2.5, Thm.2.7] and 
conclude the existence of an unbounded connected branch U of solutions in (0, oo) x W+ emanating from 
(1, 0). If (?7, u) is a solution to (13.81 1 with u G W+, then z'{a) < — Aiz(a) for a E J, where 



z{a) :— / (fiu{a)dx, a & J , 
Jn 

and thus 

z(0) = ?7 / fei(a) / (piM(a)dadx < 7? / 6i(a)e-^i° da z(0) 



Since u G W+, this inequaUty is actually strict and m(0) > by ( 13.31 ) (with v = 0). Therefore, we have 
z(0) > and so 77 > 1 by the above inequality and ( 12.2b . This proves the assertion. □ 

Remark 3.5. Using (13.31 ) we have for (ry, Ujj) eU that 

u,,(a) = n[„j„^](a,0)u^(0) , aGJ, u^(0) = yyC/,, = 77 Hf^^^^jWj/O) . 

Since Ur,{Q) G j^^'''^ and Uri{0) 7^ 0, this implies 

r{vHia,u,]) = 1 (3.10) 

according to Lemma UJ] 



Classical regularity theory for the heat equation ensure that u.^ is smooth both with respect to a and x 
for (7;, Ujj) G U. To conclude Theorem l2.1l it remains to show that the branch U is unbounded with respect 
to the parameter rj. We will need some further auxiliary results. First, we give lower and upper bounds for 
solutions to I 



Lemma 3.6. If{r], u^) G U, then 



Uriia) > —^—^ r—, r ipi on ri, a £ J 

^ ~ ai 77(6^1'^ - 1) + 1 - e-^i('^--'') 



Moreover, there is k > such that 



\u^{a)\\oo< , ^ ' aeJ 

aia + [kt]'^) ^ 



for (77, u,,) G U. 

Proof. Let (77, u^) G be fixed and put 



Then 



ai 77 — e ^i'^™ ai 

Co := T > 1- ■ 

Ai ?7 - 1 Ai 

coAie^i°-ai>coAi-ai>0, (3.11) 



coAie-^i° — Qi 776'^!" 
for aGJ. Thus, z f(fi G W+, where 



/(a) , ' aEJ^ 

coAie^i" — ai 



Ai 

cqAic 

solves the ode /' + Ai/ = —aif^. Since z — fipi < /, we obtain 

daz - Adz ^ -aiz^ - F , F -.^ aiu{f - z) > . 
Also observe that, by ( |Z2] | and (13.11b . 

1 = 77/" bi{a)^—da<r]f 61(a) da, 
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whence 



z{Q)^—-^ </5i<'?/ bi{a) \ datpi = rjZ . 

coAi - ai Jn coAie^i" - ai 



Now the comparison principle of Lemma l3^ impHes u^j > z and the lower bound on u,j follows from the 
definition of z. 

For the second assertion set 

for [f], Urj) e U given. Then 

^'^-ai^^, V(0) = ||m^(0)||oo > u(0) onn. 
Let w := — u^. Clearly, w e C^'^{J x Cl) and 

daW ~ Ajjw — —ai{ip + u.r,)w on J X £7 , 
w(0,-)>0 on 17 , w{a,-) ^ il){a) > Q on 9fi , a e J . 

Hence, the parabolic maximum principle (e.g. see lfT3l Thm.13.5]) yields w > on J x ft, that is, 

M,,(a, x) < -0(a) , {a,x)eJxCl. (3.12) 
Using this we derive from the initial condition w^(0) — rjUjj that 

||m^(0)||oo < ?7||foi||oo / ^" {aia + \\u^{0)\\^^y^ da = log (aia™h^(0)||oo + l) 

Jo "1 

from which we easily deduce ||u,,(0)||oo < (kt;)^ for some k > 0. Combining this with estimate (13.121 1. we 
conclude also the upper bound on u,,. □ 

3.3. Proof of Theorem 12.11 To finish the proof of Theorem 12. II note first that, owing to Proposition 13.41 
problem (13.8b does not admit a solution u in W+ if ij < 1. Also recall that, again by Proposition l3.4l there 
is an unbounded connected branch U of solutions to (I3.8l l and that uniqueness of solutions is provided by 
CoroUarv 13.31 In particular, there are (?7j,Mj,j) G U with ||(fyj,Wj)j)l|Bxw, cxd as j oo. Since U is 
connected, the existence of a unique solution u,, G W+ to ( 13.81) for each value 77 > 1 will be established 
provided we can show that 7]j ^ 00. Suppose otherwise, i.e. letyy^ < 77* for some 77* > 1. Then necessarily 
||w,,J|w<j ^ 00. However. Lemma l3.6l implies 

\\u^,ia)\\oo < KV* , aeJ, jeN, (3.13) 
for some k > 0. The positivity of u,y and ( 13.8b ensure < u,,^ (a) < u,,^ (0) on fl for a € J, and thus 

{u^^ (a) f'dx da < a^\\u,j^ {0)\\ll , jeN. 

Using the property of maximal Lg-regularity for — Ad in ( 13.8b . it follows that 

h^Jlw, < c{\\a,ulU^ + 11^^,(0)11^2-^2/,) < c(h^,(0)||i^^ + (0)11^^2-^2/,) (3.14) 
for j £ N and some constant c independent of u,f- . Writing the solution to ( 13.8b in the form 

u,,^ (a) = 6-^^° u^, (0) - ai / e(--)'^° (m,,, (a))^ da , 

Jo 

we see that 

fdm ram fa 

Uv,{0)^Vj / &i(a)e"^°w„,(G)da-ai77j / 61(a) / e^""")^" (w,,, ((t))^ da da . 



Kill 
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Taking into account that Ije""^" 11 ,,,2-2/,, < ca}^'' ^ for a > 0, e.g. due to \V\, we derive from ( 13.131 ) 

that [urij (0))jgN stays bounded in W"^ j^^'' . But then (u,,^. stays bounded in Wg by ( 13.14b in contra- 
diction to our observation above. Therefore, r]j ~^ 00 and we conclude that ( |3.8l l admits for each value of 
7] > 1 a unique solution G W+. 

Next, we show that ||u,,||w — > 00 as 77 — s> cxd. Indeed, if ||w < c < 00 for all rj > 1, then ||Mr;(0) ||oo 
would be bounded with respect to 77 by ( 13. 11 1. Thus u,,(0) = 77C/,, would imply that ||[/,,||oo tends to zero as 
77 — s> 00 contradicting the fact 

7- r r ^- < -Un(0) = J7„ On 

q;i(1 - e^^i-^'") 77 ^ 77 ^ ' 
and ||iy9i|loo = 1 according to Lemma l3.6l 



Finally, it remains to prove that (7; u^^) g C°°((1, oo), Wg). For, set 

r(77, u) :— (paU — A^iu + q;iu^ , m(0) — 7;?/) 

and note that r G C°°((l,cx)) x Wq,Lg x 1^^^.^^^'') withr(7/,M^) = (O,0)for77 > 1. In fact, if 7/ > land 
G Wg, then 

r„ (77, = (9a'?!' - + 2aiu,,0, 0(0) - 7;$) . 
Thus, r„(7;, Ur,)(j) = (7/;, e) with (t/j, e) G Lg X Wl^j^''^ if and only if 



(/)(a) = n[2Qi„^](a,0)(/)(0) + / n[2ai„^](a, cr)i/'(cr)dcr , OGJ, 

Jo 

and 

(1 - 7/i?[2aiu^]) '/'(O) = ^ / ^i(a) / ^[2aiu^]{a,cT)ip{a)Aa + e. 

Jo JQ 

Invoking ( 13.101 ) and Lemma [TTI we see that 1 > r{rjH\^2aiu,^])^ whence 1 — 'riH\^2aiu^\ is invertible. This 
readily implies that r,i(7;,u,,) is bijective and so r„(ry, u^) G £(Wg,Lq x W'^j^^'') is an isomorphism 
by the open mapping theorem. The implicit function theorem then yields some e > and a function 
C G C°°{{ri — e, 77 + e), Wg) such that (■(?/) — u^i and r(s, C{s)) — for |s — 77I < e. Since the solution to 
r(s, It) = is unique by Corollarv l3.3l we derive C(s) = Us and so (77 i-> u^) G C°°((l, 00), Wg). This 
completes the proof of Theorem |2.1| 



Actually, we can say more about the derivative of it^ with respect to r/. Set z := ^Uj;. Differentiation 
of the equation 

with respect to 77 and interchange of the smooth derivatives yield 

daZ — Ajjz — —2aiUriZ , z(0) — + tjZ , 

whence 

z{a) = Ul2aiu„] (a, O)z(O) , a G J , (l - 7?H[2aiuj)^(0) = . 

Since, as above, 1 — vH[2aiu,j] is invertible, we conclude 

z(0) = (1 - vH[2c.,u,,]y'u, G intiW^-y/'^-y 

and thus 

CoroUary3.7. 7/77 > 1, then j-u^ia) G mi{W'^^j^''^'^) for a J. 
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3.4. Further Auxiliary Results. We end this section with two results regarding nontrivial nonnegative 
solutions to ( ll.lb -( fT~4l ). Given 77, ^ > 1, let e W+ denote the unique solution to dl.ll ). ( 11.3b with v = 
and, accordingly, let e denote the unique solution to ( |1.2b , jlAj with u = 0, both solutions being 
provided by Theorem l2.1l 



Lemma 3.8. Let ^, 77 > 1 fee given and suppose that {u, v) G W+ x W+ solves (ll.ll )- (ll.4b . Then 

< u{a) < Urj{a) on Q , a £ J , 

and if V G Wj, then 

v{a) > v^(a) on Q , a € J . 

Proof. Since u,v E W+, we have 

daU — Adu = —a\i? — a-iuv < —aiu^ , u{0) = rj bi{a)u{a) da , 

Jo 

and so u{a) < u^(a) for a e J by Lemma [372l Similarly, 

daV — Adv = —Piv'^ + I32UV > —fiiv'^ , v{0) — ^ b2{a)v{a) da , 

Ja 

and so v{a) > v^{a) for a E J if v ^ 0. □ 

Next we give constraints on the parameters rj and ^ for solutions to ( |l.lb -( fT~4l ). 

Lemma 3.9. Let ^, 77 > fee given and suppose that (u, v) £ W+ x W+ solves ( |l.lb -( ll.4b . 

(i) If > 1 and v ^ 0, then 

(ii) If ^ > 1 ant/ u ^ 0, r/ie« 77 > 1, and if also v ^ 0, then 

1 

Proof, (i) It follows from Lemma [378] that 

daV - Adv = -Piv^ + huv < P2UnV , v{0) = , 
and so v{a) < H^^p^^,,] (a, 0)v{0) for a E J. Hence 



1^(0) <e / 52(a)n[_^,„,,](a,0)dai;(0)-ei^[-feu,]i^(0) 
Jo 

i.e. (1 — ^i?[_^2u^])i;(0) < 0. Suppose > ?'(-ff[-/32u^])- Then 1 belongs to the resolvent set of 
^^[-&«,], whence (1 - > by [H Eq.(12.8)] yielding v{0) < 0. Since v E W+ 

by assumption, this gives v{0) = and so 1; = from ( 13.41) . From Lemma [TT] and (12.2b we deduce 

r{Hi-^,u,]) > r{H[o]) = 1- 

(ii) The first assertion is shown as in the last step of Proposition l3.4l Since 



daU — Adu = —aiu^ — a2uv < —a2uv^ , u(0) = r/U , 
by Lemma [J!8l if u ^ 0, we conclude the second assertion as in (i). □ 
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4. Bifurcation for the Parameter f : Proof of Theorem [22] 

In this section we present the proof of Theorem l2.2l Regarding ^ as bifurcation parameter in ( ll.lb -( ll.4l ) 
and keeping ?/ fixed, we write m, v) for a solution to ( ll.lb -( fL4] i and thus suppress ry since no confusion 
seems likely. First recall that Theorem 12. 1 1 warrants for any value of rj the existence of the semi-trivial 
branch 



»i = {(C,0,«c);^e(l,w)}c 



X X 



where v^) is the unique solution to (|1.2| i with u = subject to (|1.4| i. In addition, if ry > 1, then there is 
another semi-trivial branch 

»2 = {{tu,„0) ; ^ G R} C M X W+ X W+ . 

Let 7] > 1 be fixed. By using Rabinowitz' global alternative ifTTl |20 | we now show that a branch of 
coexistence solutions bifurcates from {£_o{ri),u^, 0) G S2, where the choice 

^^^"^y-^^^ re (0,1) (4.1) 

is suggested by Lemma [J!9l (i). Due to Lemma [378] u, v) ~ u,^ — w,v) G K+ x W+ x W+ solves 
(O-Cll* if and only if w, w) G M+ x W+ x W+ with w < solves 

daW — A]jw — aiw"^ — 2aiUriW + a2{u,^ — w)v , w{0) = rjW , (4.2) 

daV-ADV^-l3iv^+/32{u^-w)v, viO)=^V, (4.3) 

where we slightly abuse notation by writing 

W := bi{a)w{a)da, := / b2{a)w{a)da 

Jo Jo 

when ui, w G W,. We shall use this notation also for other capital letters since it will always be clear from 
the context, which of the profiles 61 or 62 is meant. Since the interval J is compact and m,, G W^, it follows 
from dTB and |[l] I.Corl.3.2,III.Thm.4.8.7,III.Thm.4.10.10] that 

Zi := {da -Ad + 2ai?/,„7o)-i G C{h, x W^',p'/^ W,) , 



Z2 := {da -Ad- /32?^^,7o)"' G C{hg x W^J^^^Wq) , 
due to maximal regularity. Equations ( I4.2l i. ( I4.3l l may then be restated equivalently as 

{w,v) - K{^){w,v) + R{w,v) =0 (4.4) 

by setting 

K(^)(w,v).-y Z2{0,^V) j' (^Z2(-/3i^;2-/32Zi;«,0) 
for G X W,. Obviously, K{0 G CiWq x W,). 

Lemma 4.1. Let ^ G M. If fi > 1 is an eigenvalue of K{^) with eigenvector {w,v) G x Wg, f/ien 
^ 7^ 0, anii fj,/^ is an eigenvalue of H^^i^^u^-^ with eigenvector v{Q) G W"^ j^^'^. 

Proof Let ^ > 1 and (w, u) G W, x \ {(0, 0)} with K{S,){w, v) = fi{w, v). Suppose v = 0. Then 

daW — Adw + 2aiu„w — , w(0) = —W , 



from which 



w{a) = n[2Qi„,,](a,0)w(0) , a G J , ^(0) = -H[2aru^]w{0) 
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In particular, w{0) ^ since otherwise {w, v) = (0, 0), and hence jj. < Tir(H[2aiu,,]) contradicting the fact 
that 1 = r{rjH\^aiUn\) > M~^''(^^^[2aiu,,]) by ( 13.10b and Lemma l3.1 [ because /i > 1- Therefore, w ^ 0. But 
from 

daV — Adv — (32UnV = , v{0) ~ —Y , 

it follows 

v{a) = n[_^,„^] (a, O)w(O) , a e J , w(0) = -H[„/32„^]-u(0) , 

M 

and so w(0) ^ and ^ ^ since otherwise u = 0. Consequently, /i/^ is an eigenvalue of 7?[_^2ti^] with 
eigenvector u(0). □ 

Lemma 4.2. f/j -ftr(^) G IC{Wq x Wg), ^ G M, k a continuous family of compact operators. 

(ii) R e C(Wg X Wq, X Wg) /s compact with u) = o(||(w, w)||w,xwj a« (^f, v) (0, 0). 

f/Z/j The set S := G M ; dini(ker(l - i^(C))) > 1} « discrete. 

Proof. It follows from (13. 9t that the mapping 

Wq X Wq — > Lg , (w, v) H> WW is compact , (4.5) 

and, since VF^^ ^ W^^;^^/'', we easily deduce that G /:(Wg x Wg) and i? G C(Wg x Wg, x W,) 
are compact. Finally, if f G S, then /i = 1 is an eigenvalue of if (^) and so 1/f is an eigenvalue of H[_p^^^] 
due to Lemma l4~n But the spectrum of the compact operator H^^p^u,,] is discrete. □ 

In order to apply the global alternative of Rabinowitz, the next lemma will be fundamental. For a 
summary about the fixed point index we refer, e.g., to 1 17 , Sect. 5. 6]. 

Lemma 4.3. Let ^0(^7) be defined in (14. 11 1. Then the fixed point index lnd(0, K{Sy) of zero with respect to 
KlX) changes sign as ^ crosses Co('7)- 

Proof Recall that Ind(0,if(O) = (-1)'^'^^ where C(0 is the sum of the algebraic multiplicities of all 
real eigenvalues of K{^) greater than one. First, let ^ < ^o('7) and suppose there is an eigenvalue /i > 1 
of A'(^). Then, since /i/^ is an eigenvalue of H^_fj^^^^ according to Lemma 14711 we get from ( 14. It the 
contradiction /x/^ < ■ Thus 

Ind(0,if(O) = l, £.<UV)- 
Next, observe that, since ii[_^2u^] is compact and strongly positive, there is some e > such that the 
interval (Co(?/)~^ 00) contains only one eigenvalue of H^^p^u,,], namely the simple eigenvalue Co(^)^^- 
Fix ^ such that ^0(^7)^^ ~£ < ^£,o{v)~^- Then there is a unique /i* > 1 with^//x* ~ ^0(1]). Clearly, if 
/i > 1 is an eigenvalue of K{£^), then necessarily /i = /i*. We claim that /i, is a simple eigenvalue of A'(^). 

Indeed, since /x*/^ = r{H[_i3^Ur,]), we may choose tAo e int{W^^^'''^) with fj.^'ipo = ^H[_p^u^] Vo- 
Setting 

V'* := Z2(0,V^o) = n[_^,„^](-,0) e W+ , 

we obtain 

Ai*^'* =^2(0,e«'*) (4.6) 
as in the proof of Lemma 14. II We then seek G Wg with /^,(/)* = Zi{a2Ujjil;^.,ri^^), i.e. a solution to 

da4>* - A.d4>* + 2aiu^0* — — M^V* J 0*(O) = — 

or, equivalently, 

(/>*(a) = n[2„i„^](a,0)(/)*(0) + (iVV^Ola) , (iV?/'*)(a) := — / n[2ai„„](a, cr) (u^(cr)V'*(o-)) dcr 

Jo 
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for a e J with 



{1 - ^H[2o.,u,]) MO) = — / 61 (a) (7V^,) (a) da 



Since /i* > 1 it follows from (13.10b and Lemma lSTTI that 1 — ^-ff[2ai«,] is invertible and thus the equation 
for 4>^{0) is uniquely solvable. Thus, define 0o G '^q'o^'''^ ™d 0* G W+ by 

00 :=— i/[2aiu,])"' / '"fei(a)(iV^.)(«)da, 

0* :=n[2„,„^](-,O)0o + A^V^* -^iW*,0o) • 

Then iir(^)(0, , = /i» -0,) and it remains to prove that /i, is simple. Clearly, the preceding discus- 
sion shows 

keT{K{^) - = span{(0,, ?/;*)} ■ 
Suppose that ((^*, -0*) G rg(i<'(^) — ^,). Then ^2(0, ^F) — ^^^v = -0* for some v G W,, that is, 

daV ~ AdV - P2Ur^V = - — {dalp* - Aolp* - /32Ur,V'*) = , v{0) = —V —^pQ ■ 

This readily implies 



SO that we obtain the contradiction 



00 £ kcr(l - nrg(l - = {0} 

since ^*/^ = ^(-H^l-zSau,,]) is a simple eigenvalue of TJ^.^^^^j. Thus (0*,-0*) ^ rg(^(C) - A^*) and /x, is 
indeed a simple eigenvalue of K{£). This ensures 

ind(o,i^(e)) = -i, o<^-eo(?y) « 1, 

and the assertion follows. □ 

Taking ^ = ^o(^) and = 1, the proof of Lemma |43] reveals 
Corollary 4.4. fi^ = 1 is a simple eigenvalue of K{^o{ri)). Thus 

WgXWg = kcv{l-K{^oiv)))(Bvg{l^K{Uv))) , kcr(l - /f(eo (??)))= span{ 
with 0, = ^2(0, Vo) € W+ 00 - eo(?7)** e int(M^^'^'/''+), G W+. 

Owing to Lemma |4j2] and Lemma [43] we are now in a position to apply Rabinowitz' global alternative 
ifTTl Cor.6.3.2] to (14.4b and obtain a continuum (t (i.e. a closed and connected set) of solutions w, v) to 
(14.2b . (14.3b in R X x emanating from {(oiv): 0, 0) and satisfying the alternatives 

(i) £ is unbounded in E x W, x W,, or 

(ii) there is ^ e S \ {Co(??)} with 0, 0) G £. 

In addition, from Corollarv 14.41 and ifTTl Lem.6.4.1] it follows that for w,v) G £ near the bifurcation 
point (^o('7)7 0, 0) we have 

= e((0,,0,) + (t/i(e),y2(e))) , -eo < £ < eo , (4.7) 

for some £o > and yj{e) = o(l) in Wg as e — > 0. Moreover, according to [iT, Thm.6.4.3] and Corol- 
lary |431 the continuum € consists of two subcontinua £^ both emanating from (^o(?7), 0, 0) such that (t"*" 
contains those {£^,w,v) G € with e G (0, £o) in ( 14.7b and satisfies the same alternatives as € or contains a 
point (I, w, v) with (w, v) G rg(l - Ki^a{r]))) \ {(0, 0)}. We then set 

»3 - {(e, -w,v); (e, «) G £+} \ {(CoW, 0)} . 
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Observe that u, v) e is a solution to ( |l.l| )-( fL4l l with ^ > ^o{ri) by ( 14. It and Lemma IX9l and close 
to (^0(^7)1 J 0) we can write (u, v) in the form 

= (urj ~ ecj)^ -eyi[e),e^^ + ey2{e)) , < e < eo • 

In particular, since m,,(0) G int(W^^^^^'''^) and ?;i(£) = o(l) in Wq as e — > 0, we derive from (13.1b that 

m(0) = u^(0) - £0,(0) - £7oyi(£) 6 iTA{wl;j^''''+) , < e < eo , 
for eo > sufficiently small. Hence, using dl.ll l and ( 13.31 1. the strong positivity of the evolution operator 
implies u e W+. Similai'ly, since ipo e mt{W^^J^'''^) and 7o2/2(£) ^ in VF^^;^^^'' as e ^ by dTTT l. 
we also get 

v(0) = eVo + e702/2(£) e int(W^^'^'/*'+) , < e < £0 , 
with £0 > sufficiently small and thus v G W+ by ( 11.2b and ( 13.4b . 

Therefore, points on the branch QSg close to (^0 1??) : , 0) G ^82 belong to R+ x W+ x W+ . Furthermore, 
defining 

^B^j n (M+ X W+ X W+) 

we have 

Lemma 4.5. The branch either joins *B2 w'f/i or /i unbounded in M+ x W+ x W+. 

Proo/ Suppose that ^Bg is contained in M+ x W+ x W+, that is, S3 — 5S3. Then, according to the 
alternatives satisfied by either 

(i) <B!j is unbounded in R x x W,, or 

(ii) Sg contains a point w,,, 0) with ^ G S \ {Co or 

(iii) ^Bg contains a point (C, — w, v) with (w, v) G rg(l — K{£^o{v))) \ {{0, 0)}. 

Clearly, since S3 C x W+ x W+ by assumption, alternative (ii) is impossible. We now show that 
alternative (iii) can also be ruled out. Suppose otherwise and let (C, Ujj — w,v) G Sg and (/, g) G x Wq 
with 

(0,0) ^ {w,v) = {1 - K{UTjmf,g) . 

As w G W+, we obtain from dMll and (O that v{0) = (.V e mt{W^^^^^'''^). Due to Corollai-y [Ml 

?A,(0) = V'o e int(W^^^;^^/'''+) and so we may choose r > such that .9(0) -w(0) +tV'o e mt{W^^^^^'^'^). 
Note that 

v = g-Z2{0,^o{v)G) , ^* = ^2(0,eo(?7)^'*) , p 5 - « + ^V* - ^2(0,eo(r/)(G + r*,)) . 
The last equality reads 

daP ~ Adp ~ I32U^P = , p(0) = ^o{v){G + r**) = eo(?7)^' + ^o{v)V , 
from which we deduce that 

(1 - Co(?7)^[-&.,])p(0) = eo(?7)l^ e int(W^;^2/^^+) (4.8) 

with p{0) G int(W^ J^^"^'^) by the choice of r. However, (14.8b has no positive solution owing to ifTJl 
Cor 12.4] and the definition of ^0(1]) in (14.1b . This contradiction ensures that alternative (iii) is also im- 
possible. Consequently, if S3 is completely contained in R+ x W+ x W+, then S3 — Sg is necessarily 
unbounded. It remains to verify that if S3 is not contained in R+ x W+ x W+, then Sg joins S2 with Si. 
Supposing that S3 is not completely contained in M+ x W+ x W+, there are 

{ij,Uj,Vj) G M+ X W+ X W+ and (C, u, w) G S^ , (w, w) ^ W+ x W+ 

with 

(Cj, Uj, Wj) ^ (C, u, v) in M X Wq X . 
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As ( I3.lt ensures u(0) > and ?;(0) > 0, whence u, w G W+ by ( 13. 3t . (13.41 ). the only possibility that (u, w) 

does not belong to x W+ is that w = or w = 0. 

Assume that both u = and v = 0. Then m, t;) = 0, 0) G So- But the only nontrivial, nonnegative 

solutions to ( ll.lb -( fL4b close to *Bo lie on the branch Q3i = {{£,, 0, v^) ; ^ G (1, oo)}, that is, {^j,Uj,Vj) 

belong to *8i which is impossible since Uj G W^. 

Next, assume that u ^ but t; = 0. Then the uniqueness statement of Theorem 12 . 1 1 yields u = u,,. So 
, 0, 0) is a bifurcation point for ( 14.2b . ( 14.3b . or equivalently, for (14.4b . Thus 1 17 Lem.6. 1 .2] implies ^ G S, 

whence /i = 1 is an eigenvalue of K{^). Setting Wj := Urj —Uj, it follows from the properties of K{£^) and 

R stated Lemma l43] exactlv as in the proof of IITtI Lem.6. 5. 3] (see also ||4] Thm.3.1]) that 

\\{Wj,Vj)\\w,xW, 

converges to an eigenvector {w, v) G W+ x of K{£^) corresponding to the eigenvalue 1. Lemma l4~n 
shows that v{0) is a positive eigenvector to Hy_p^^^^ associated to the eigenvalue 1/^ and thus ^ = ^o(?7) 
since l/Co('7) is the only eigenvalue with positive eigenvector But then m, v) — {(.oirj), Ujj, 0) and this 
is not possible. 

Thus, the only possibility is that u = but w ^ so that, due to the uniqueness statement of Theorem l2.1l 
u, v) = 0, v^) G Q3i. Consequently, ^Bg joins QSa with <Bi and, as ^'^ leaves M+ x W+ x W+ only 
when meeting *Bi, the same must be true for 583. □ 

We also need to show that if &2 additionally satisfies (12.4b . then can be unbounded only if it is 
unbounded with respect to the parameter ^. This is the content of the next lemma. 

Lemma 4.6. Let 62 satisfy (12.4b . For M > 1 there is c{M) > such that \\u\\^^ + ||w||w, < c{M) 
whenever {£_, u, w) G M+ x W+ x W+ is a solution to (ll.lb -( ll.4l ) with ^ < M. 

Proof. Let u, w) G M+ x W+ x W+ be any solution to (Ol-Clll with ^ < M. Since 

u{a) < Uri{a) < nrf , a ^ J , 

by Lemma IX6l and Lemma l378l we have 

daV ~ AdV = -l3iV^ + (32UV < -Piv^ + P2Kjfv , v{0) = . 

Put TO :— /32K'7^ and 

/(a) -.^mWymU lk(0)||oo(l - e"""^) + TOe-""^)"' , aG J, 

so that 

f'^-Pif' + mf, /(0) = |l«(0)||oo, /(a) < |^(0)||ooe"^ aGJ. (4.9) 
Let z :— f — V and observe that 

daZ — A^z > — + v)z + mz on J x , z > on J x dQ , z{0, ■) >0 on Q , 

from which we get z > 0, i.e. v{a) < f{a) on Ct for a E J owing to the parabolic maximum principle ifTSl 
Thm.13.5]. Since we may assume that m> s with s from ( 12. 4b . we have 

and so it follows from ^ < M that 

v[Q) <M h2{a)f{a) da < — ^ / 62(a)(l - e-'")-'' da < 00 , 
Jo Pi Jo 

whence 

||«(a)I|oo + |k(a)||oo<c(M), aGJ, (4.10) 
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for some c{M) > by (14. 9t . Next, using the maximal regularity property of — A^, we derive from (11. Il l 
and ( 14.10b that there is co(M) > such that 

||w||w, < c{\\u{0)\\^2-2/„ + \\aiu'^ + a2uv\\i^j < co(Af) (||m(0)||^2-^2/, + l) . 
Writing ( II. lb in the form 

u{a)^e''^"u{Q)+ f e^""-"^^" aiu{af ~ a2u{a)v{(j)) Aa , aeJ, 



and using ||e'"^° || ,,,2-2/q. < ca^l'^ ^ for a > 0, we obtain from ( 11.3b and (14.10b 



< ci(Af) 

and consequently < c(A/). Since ^ < M, we similarly deduce ||u||w, < c(Af). □ 

Finally, we show that 5S3 connects *B2 with *Bi for certain values of r\. To state the precise result observe 
that T(llya2v{\) is a strictly decreasing function of ^ on (1, cxo) according to Lemma ITTj and Corollarv l3.3l 
Since depends continuously on ^ in the topology of Wg, we obtain from [l] II.Lem.5.1.4] that the 
evolution operator nj^^tij] (a, 0) and hence fl\a^V(\ depend continuously on ^ in the corresponding operator 

topologies. Together with the fact that the spectral radius considered as a function ^^(VFg^^f ^'') is 
continuous (see |[T4l Thm.2.1]), we conclude that 

i-> r(iJ[£j2„^])) e C((l, 00), (0, 00)) is strictly decreasing . (4.11) 

By Theorem 12. II the branch {(^, u^) ; ^ > 1} emanates from (1, 0) and r(}i\a2v{\) < ''(^[0]) = 1 thanks 
to Lemma lTTj and ( 12.2b . hence lim^^i r{H[a2V(:]) — 1- Defining N e (1, 00] by 

^^=T — — ^' ^4.12) 

we thus find for any 77 G (1, N) fixed a unique ^1 ^1(77) > 1 with 

^4.13) 



For values of rj less than we can improve Lemma|4 

Lemma 4.7. Suppose &2 satisfies (12.4b . -/fr/ G (1, A^), f/ien ^Ba yo/«5 «/? w/f/i *8i of f/ze point (^1, 0, w^i)- 

Proo/ If u, w) e M+ X W+ X W+ solves (Oi-GZll, then w > by LemmajlSjwhile LemmalTgjdi) 
shows 1 < 77r(Jf[c2^^] ). Thus, by definition of A^, if 77 < A^, then necessarily there must be some A/(77) > 
such that ^ < M{r]) for all u, w) G ©3 C M+ x W+ x W+. Now Lemma|42]together with Lemma |43 
imply that QSa must join up with *8i, say, at the point 0, 

To determine ^ note first that, due to Lemma [378] u, v) — w, + w) G M+ x W+ x W+ solves 
(Ol-Cll* if and only if u, w) G R+ x W+ x W+ solves 

daU — Adu — —aiv? — oi2{v^ + w)u , w(G) = -qU , (4.14) 

v^w + P2{v^ + w)u , w{Q) — SyV , (4.15) 

where we put 

U I 61(a) u(a) da, W :— 62(0)^(0) da. 
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Introducing 

T := {da - Ad,1o)-' e C{hg X W,) 

and the operators 

^{^){^^^) -[T{~2p^v^w + hv^u,^W)) ^ [t{-I3^w^ + p^uw,^)) 

acting on (u, w) £ x Wg, equations ( 14.141 1. (14.151 1 are equivalent to 

(m, w) - k{C){u, w) + R{u, = . (4.16) 

The operators K{C) ^nd R possess the properties stated in Lemma \A72\ (i). (ii). Now, if {{£^j,Uj,Vj))j 
is a sequence in ^Ba converging to 0, v^), set Wj := vj — v^^- . As depends continuously on ^, 

formulation ( 14.161 ) and the properties of K{^) and R readily imply (see, e.g., the proof of |[17] Lem.6.5.3] 
or||4lThm.3.1])that 

\\{Uj,Wj)\\w,xW, 

converges to some eigenvector (0, tjj) G W+ x W+ \ {(0, 0)} of K{£,) associated to the eigenvalue 1 and 
thus satisfying (14.141) . ( 14.151 ) with = ^ when higher order terms are neglected: 

da<j) - Aoct) ^ -a2V^<j) , 0(0) =77$, 

dai^ - Ao^ = -2/3it;|V + I32v^(p , V'(O) = |* • 

Observing that 

by the analogue of (I3.10l l and Lemma [TT] it follows by a contradiction argument exactly as in the proof 
of Lemma 14. 1 1 that (f> ^ 0. In particular, this shows that (1 — r/iJ[Q,2„,])(/)(0) = with 0(0) > 0. Hence 

rj^^ — r{H[ci2v^]) due to Lemma ITTI and so ^ = ^1 by (14.13b . This proves the lemma. □ 

Gathering Lemma |431 Lemma l4~6l and Lemma l477l the proof of Theorem l2.2l is complete since there is 
no solution (^, u, w) in M x W+ x W+ if < 1 and bifurcation of at (^o(??)) Wr;, 0) must be to the right 
according to Lemma ll!9l 

Remark 4.8. Note that \\v^\\^^ 00 as £ ^ 00 by Theorem \2.1\ (in fact: ||i'^(0)||oo — > 00 Z?v Lemma \3.6]l 
suggesting that r (iJjQ^u^ ] ) tends to zero as ^ approaches infinity or, equivalently, that N ~ 00 in ( I4l2] l and 
whence also in Theorem \2.2\ 

5. Bifurcation for the Parameter ry: Proof of Theorems I2.3I and I2.4I 

This section is dedicated to the proofs of Theorem l2 . 3 l and Theorem l2.4l We thus regard 77 as bifurcation 
parameter in (ll.ll l-( fl~4l ) and keep ^ fixed. We write (77, u, v) for a solution to ( ll.lb - (ll.4l l and suppress ^ 
since no confusion seems likely. 

5.1. Proof of Theorem l2.31 The argument used in the proof of Theorem l2.2l is similar to that for the proof 
of Theorem 12. 3 1 and we thus merely sketch the latter pointing out the main modifications to be made. Let 
f > 1 be fixed. Then Theorem l2. 1 [ ensures the existence of the semi-trivial branches 

61 = {{rj, u^,0) ; ?7 > 1} , ©2 - {(?7, 0,v^) ; r, G R} 

of solutions to (Ol-d in R x W+ x W+. Recall from (|4TT4] |. ( l4l5T l that 

{t], u, v) = (ry, u, + w) G R+ x W+ x W+ 
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solves ( |l.l| )-( |1.4t provided that (ry, u, w) G M+ x W+ x W+ satisfies 

{u,w) - K{'i]){u,w) + R{u,w) ^ , (5.1) 

with 

for (w, v) eWqX Wg, where e C(Lq x W^^^y^^"^, W J are given by 

Zi := {da- ^D+a2Vi,ia)-^ , Z2 {da - A15 + 2/3it;^ , 70)-^ . 



The operators K{rf) and R possess the properties stated in Lemma|4j2](i), (ii). Analogously to Lemma |4~T] 
one shows that, given ry G R, if > 1 is an eigenvalue of K{rj) with eigenvector (m, v) G x W^, then 
1] 0, and ^/rj is an eigenvalue of iJfajt,^] with eigenvector m(0) G j^^"^. As in Lemma l431 if 

r(H[a2Vi]) 

then lnd(0, X(?7)) changes sign as rj crosses rjo{^), and /i* = 1 is a simple eigenvalue of K{rio{^)). 
Invoking again 1 17, Cor.6.3.2] we obtain a connected branch ©3 C M x Wg x of solutions to (ll.lb -( ll.4l l 
bifurcating from (770(0, 0, v^). By definition, {r]o{^), 0, v^) ^ S3. Further, 63 satisfies the alternatives 

(i) 6'3 is unbounded in M x x W,, or 

(ii) ©3 contains a point (ry, 0, v^) such that 1 is an eigenvalue of K{r]) but 77 7^ VoiS,)' or 

(iii) ©3 contains a point (77, u, + w) with {u, w) G rg(l — K{rio{£_))) \ {(0, 0)}. 

Moreover, points on ©3 close to {ria{£,),0, v^) belong to M+ x W+ x W+. In fact, we have: 
Lemma 5.1. Let ©3 ©(j n (R+ x W+ x W+). Then ©3 = ©(,. 
Proof. Suppose ©3 is a proper subset of ©3. Then there are 

(7/j , Uj,Vj) G K+ X W+ X W+ , {tj, u, w) G ©3 , {u, w) ^ W+ x W+ 

with 

(77^ , Uj ,Vj) {rj, u, v) in R x W, x Wq . 

As ( 13. Il l ensures u(0) > and v{0) > 0, whence m, w G W+ by ( 13. 3t , (13.41 ), the only possibility that (u, w) 
does not belong to x W+ is that u = ot v = 0. However, since Vj G W+ and thus Vj (a) > (a) 
for a E J owing to Lemma [378] v G W+ and so necessarily u = 0. Hence, by the uniqueness statement in 
Theorem l2.1l we deduce v = v^. But then, (77, 0, 0) is a bifurcation point for ( 15.11 ) and it follows from ifTTl 
Lem.6.5.3] exactly as in the proof of Lemma |4.5l that this implies 77 ?7o(0- Thus (7;, u, v) ~ {iloiO' 0, v^) 
what is not possible. □ 

Now, as ©3 = ©3 C M"*" X x W+, alternative (ii) above is impossible, while alternative (iii) can be 
ruled out by using an argument analogous to that in the proof of Lemma |43] Therefore, ©3 is unbounded 
in M"*" x X W+. That bifurcation at {rio{£,), 0, v^) is to the right, is a consequence of Lemma l3.9l (ii). 
Finally, let 62 satisfy ( 12.41 ) and suppose there is some M > with rj < M for (77, u, v) G ©3. Combining 
Lemma l376l and Lemma |378] we obtain ||7i(a)||oo < kM'^ for a G J and we may then proceed as in 
Lemma|42]to show that ||u||w, + ||w||w, < c(M) for some c(M) > independent of (77, it, i;) G ©3. This 
completes the proof of Theorem l2.3l 
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5.2. Proof of Theorem |2l4l We now focus on the proof of Theorem |Z4l Let ^ < 1. Then Theorem ITT] 
implies that 

&i = {{f],u^,0);v>^ 

is the only semi-trivial branch of solutions to ( |l.l| i- (|1.4| i. The same arguments leading to (14. lit show that 

(r/ n> ^{H[-p2u„])) G oo), (0, oo)) is strictly increasing (5.3) 

with lim^^i = 1. Defining 6 e [0, 1) by 

6 := 1 , (5.4) 

Imi r{H[_p ]) 

it follows that for any ^ e ((5, 1) fixed we find a unique rji := ryi (^) > 1 with 

C = — ^ . (5.5) 

To demonstrate that local bifurcation from ©i occurs at the point (771, , 0), we apply the theorem of 
Crandall-Rabinowitz fo). Introducing 

we observe from i4l\ . (|43] | that (77, u, v) = - w) e M+ x W+ x W+ solves (fTTTi-lfTHi if and 

only if {rj, w, v) e M+ x W+ x W+ with w < is a zero of the function 

— T{aiw^ — 2aiUjjW + a2(u^ — w)v , rjW)^ 
v-T{-Piv^+f32{u^-w)v,^V) 

where we again agree here and for the remainder of this subsection upon the slight abuse of notation 



G{r],w,v) := 



W :— bi{a)w{a)da, 1/ := / b2{a)w{a)da, 
Jo Jo 

being used for other capital letters as well since it wiU always be clear from the context, which of the profiles 

bi and 62 we mean. Theorem l2. II warrants 



G e C\{1,00) XWgX Wq,Wg X Wg) 

with partial Frechet derivatives at (77, w, v) = (ryi, 0, 0) given by 

G(.,.)(^i,o,o)(</),^) = v-m«..V', e*) ) 

and 

^ / n n\fA /^ f-T{-2aiu' (j) + a2u' ip, ^)\ , d 

G^,(»,.)('7i, 0,0) -T(/32O,0) j' N-^N 

for (0,-0) G X Wq. We claim that the kernel of G(u,^„)(r7i, 0, 0) is one-dimensional. Indeed, for 

{(t>, ip) G ker(G(^,„) (771, 0, 0)) we have 

9q0 - A_D0 = -2q;iu^i0 + q;2U,,iV' , 0(O)=?7i*i (5-6) 

SaV-- Ad7/> = /32U^,7/;, ^(0)=e*, (5.7) 

and so an argument similar to that used in the proof of Lemma l4. 31 (with /i* 1) shows that (0, 7/)) must be 
a scalar multiple of (0*, 7/;,) G x W+, where 

7/;, := n[_^,„^j(., 0)7^0 , V'o e kcr(l nint(T4^;^^'/«^+) , 

and 

0* n[2ai„^j(-,0)(/)o + iV7/;* , (/-o - '7i-H"[2aiu,j) / fei(a)(7V7/)*)(a) da , 
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with 

(iVV*)(a) := "2 / n[2Qi„^j(a,cr) (u^i(CT)V'*(cr)) dcr , aeJ. 







Thus, 

ker(G'(^^^,)(77i,0,0)) span{ V'*)} • 

As the derivative of G has the form G(i„ „) (771 , 0, 0) — 1 — T with a compact operator T (see ( |4.5l l), we also 
get from this that the codimension of rg(G(tu.„) (?7i , 0, 0)) equals one. To check the transversality condition 
of suppose that 

and let v £ Wg be with 

V - T{P2Un,v, iV) = -r(/32< V'*, 0) • 

Since G \at{w'^~j^^'^'^) we may choose t > such that t^/jq — w(0) G int(VF^p^^^'^). Setting 
p :— Ttpt — V and observing ip — T{l32U,-i-^ip, ^^), it follows 

that is, 

- Ai3p = l32UrtiP + ^2WJ,>* , P(0) = , 

from which 



Jo Jo 

This contradicts that fact that this equation has no positive solution p{0) ~ ripo — v{0) owing to ifTsl 
Cor 12.4] and ( 15. 5t since the right hand side belongs to int(W^p'^'^'''^) thanks to ( 12. It . Corollarv 13.71 and 
the strong positivity of the operator n[_^2«,,j] l*^: for < a < a < Consequently, 

Gr,,{w,v){vi,^,0){<f>*,i'*) ^ rg(G(t„,i,)(77i,0, 0)) . 

We are thus in a position to apply ||9] Thm.1.7] and deduce the existence of a branch ©4 of solutions to 
( |l.l| l-( fT~4b bifurcating from (771 , , 0), where 64 is of the form 

6^ = {(r;(£), + £(0l(£),^^2(£))); |e| <£o} 

for some Eq > with r/(0) 7/1, ^^(O) = 0, and 6'j e C((-£o, £0), W,). Clearly, it follows from (1331 ) 
and ( I3.4l i that, if eg > is sufficiently small, then the points (77, m, t;) of 64 associated to values e e (0, eo) 
in the representation above satisfy {u, v) £ W+ x W+ since both (/)*(0) = and 7/'*(0) = tAo belong to 
int{W^-^^^'''+). Letting 

64 := ©4 n (M+ X W+ X W+) 

it is easy to check that 64 bifurcates from (771, Ti^^, 0) to the right in view of ( 14. It . (|5.3l l. and ( 15. 5t . The 
proof of Theorem |2.4| is therefore complete. 

Remark 5.2. Similarly as in Remark \4.8\ we conjecture that lim r{H\_a^ 1) = 00, whence S ^ in 
77ieorem|2.4| 
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